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P-ADICALLY F-PURE TYPE SINGULARITY
(AND QUASI P-ADICALLY F-PURE SINGULAR,ITY)

Daisuke Hirose (Hokkaido University)

hirose@math.sci.hokudai.ac.jp

For Ip C Ry :an ideal of f.g.
Introduction say I, C R, is its reductio Thm 2 (H) Suppose that I = (f) is principal.

i (Ro, 15) is F-pure type if 3 infinitely many prime numbers p (R. (f)") is p-adic. F-pure, V/ < ¢
such that (R, I,) is F-pure. = (R, (£)?) is F-pure.

ve rational number. It
ic analogue of log canon- Thm 1 (Hara-Watanabe)

ical singularity of a pair. In fact, for a rin Assume that Ro: o-Gorenstein, normal over c.
characteristic zero, an ideal I, and t € 0-o,
F-pure after reduction to p for in (R, I§) : F-pure type = log canonical.
e p, then the pair (R, I}) should be log (Ro, If) : p-adic. F-pure type = log canonical.
However, (R, ITPt()) is not necessary F- Hara proved (R, (f)fPt()) :F-pure, (f): principal.
pure, although (Ro, I,°°"”) is always log canonical. Ex 2 (& IPtM) : not noc. F-pure)
The author wants to generalize F-pure singularity to N N N

satisfy that (R, I'Pt()) is always F-pure.

p-adic. F-pure type can be defined like F-pure type.

Thm 3 (H) Ro: o-Gorenstein, normal over .

(Pf. of thm3.) Use Schwede’s sharply F-purity;
(R, I') is sharply F-pure if 3 infinitely many e,
such that

F e Irw -l

= (a2, y?, =7 = kfa,y, = .
1= (2% 9% %) C R = klz,y, 2] FFC: R — FER(w o far)
Then Vp > 0.fpt(1) = 3(= lct(1)) splits as an R-hom.
P p—=2 (R IPHD) . NOT F-pure He proved sharply F-pure type implies log canonical. For fixed

o . : otherwise (. IPtD) : . . there is only finite prime numbers p such that 1,(t) < 0.
Def 1 (Hara-Watanabe) (1, 1) is F-pure if Ve > 0, p: otherwise| (I, ) @ Fepure If £,(£) = 0, then sharp. F-pure — p-adic. F-pure. Therefore
3f € 1@ Y] such that

(R, I{) : p-adic. F-pure type < sharply F-pure type.

FF®: R — FiR(z — fa?) L(8) i= — min{0, 1,(£)}, vp(—) is p-adic valu. (o)
o Def 3 () (R, I') is p-adically F-pure if 3 infinitely -e-d-
splits as an R-hom. e i
= many e with p*Ot(p® — 1) € z, 3f € IP*@~1) such Ex 4 ((R, I'PY0) : not nec. p-adic. F-pure)

Def 2 (Takagi-Watanabe) F-pure thresholds are def. P
1= (a9 € R = k[z,y]
FEW R B O R e far )

fpt(r) up{t € o|(R. I') is F-pure} Then Vp > 0, fpt(I) = 1(= let(I)).
inf{t € o|(R,I') is not F-pure.} SR G o LA (R, IPED) o adic. F-pure if p # 2,
J Rem 1We don’t need round down | | ! : quasi p-adic. F-pure Vp.
We can compute F-purity and fpt(f) by the Following Fed- (We don’t kill information of an exponent t.) ° B B
der's type criterion: Suppose that (R, ) is regular local. For Prop 1 (H)
fER een,
fF°:R — FIR fot(I) = inf{t € o|(R, I') is not p-adic. F-pure.} Def 4 (R, I') is quasi p-adically F-pure
ite if 3u > 0, 3 infinitely many e with pt(p° — 1) € =,
splits iff i B y 4
f e mltl = (g"g € m). Prop 2 (H) 3f € 17t =1 such that
Ex 1 (F-pure thresholds) F-pure = p-adic. F-pure. FF : R — FCYR(x — fa?'")
— (@2 4y i— K
Ii=(a +1'¢ ) Ig R = kle,y] splits as an R-hom.
5 "1'/(2) Ex 31, R : same as in Ex2. Then Vp > 0, Thm 4 (H) R := K[z, -+ ,@,], I its monomial ideal.
Then

fprny, .
(R, 1'PY(D): p-adic. F-pure.
(R, I™Pt(®) is quasi p-adic. F-pure.

3 2/3
5(mod6) (5p — 1)/6p
6

= 1(mod6) 5/ = let(z? + %)

S
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10.1007/s11117-020-00762-w.

Theorem(p.249)

1 1 q P
Let O<a<n,l<p < <— 0<g<qy<®,—=—-—-and + =L,
p Po 1= 9o qo Po n 90 Po

If B"/» € B, then the following holds:

. a1490 Po
Mg,q: M0 - M?
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